Effect sizes of the difference, or standardized mean differences, are widely used for meta-analysis or poweranalysis. However, common effect sizes of the difference such as Cohen's or Hedges' assume variance equality that is fragile and is often violated in practical applications. Based on Welch's tests, we defined a new effect size of the difference between means, which did not assume variance equality, thereby providing a more accurate value for data with unequal variance. In addition, we presented the unbiased estimator of an effect size of the difference between a mean and a known constant. An R package is also provided to compute these effect sizes with their variance and confidence interval.
Introduction
Effect sizes of the difference or, more precisely, standardized mean differences between two groups, are widely used to estimate the magnitude of effect independent of the sample size [1] , to conduct metaanalysis [2] , or to conduct power-analysis [3] . The American Educational Research Association (AERA) or the American Psychological Association (APA) strongly recommend effect sizes are reported in the corresponding fields [4, 5] . Furthermore, the misuse and misunderstanding of p-value have become public [6] , and use of effect sizes is spreading beyond pedagogy and psychology, where effect sizes have developed, into areas such as in biology [1] . In spite of such importance, the classical effect sizes of the difference assume variance equality (homoscedasticity), which is hard to assume practically or is even expected to be violated a priori in clinical data [7] . While Bonett [8] defined a confidence interval of an effect size estimator which did not assume homoscedasticity, its parameter was not defined. This problem of variance inequality (heteroscedasticity) has been long debated [9, 10] . In addition, the unbiased estimator of an effect size of the difference between a mean and a constant was undefined. To solve these problems, based on Welch's test [11, 12] , we defined an effect size of the difference between means that does not assume homoscedasticity and calculated the unbiased estimator of an effect size of the difference between a mean and a constant.
Effect size of the difference was developed by Cohen [13] , who studied in the field of psychology. Cohen [3, 13] defined the effect size as a * Corresponding author.
E-mail addresses: aoki171@g.ecc.u-tokyo.ac.jp, aokis1ll1@gmail.com. parameter for two independently and normally distributed populations, 1 ∼ ( 1 , 2 ) and 2 ∼ ( 2 , 2 ):
which is expressed as in the original articles [3, 13] . Note that both populations share the common variance 2 . The estimator of this parameter was represented as in [3] . However, we refer to this estimating statistic as to distinguish it from the other we introduce later. The statistic is defined as 
Here, ̄1 , 1 , and 1 are the mean of the sample, the sample (random variable), and the sample size of group 1, respectively, while ̄2 , 2 , and 2 are those of group 2. For the denominator, this effect size uses the pooled standard deviation, which suggests the most precise population variance under the assumption of equal variance [14] . In the field of pedagogy, Glass [2] suggested another effect size of the difference, independently of Cohen's works. He defined it as "the mean difference on the outcome variable between treated and untreated subjects divided by the within group standard deviation," where "the within group standard deviation" corresponds to the standard deviation of the untreated group. He clearly distinguished the treated (experimental) group from the untreated (control) group, and there was no assumption regarding the two groups. His effect size was subsequently formulated and named Glass' Δ by Hedges [14] , which is
where ̄i s the mean of the variable in the experimental group, ̄i s that in the control group, and is the unbiased standard deviation of the control group.
Hedges [14] also defined the (1) and the (2) independently of Cohen. Furthermore, Hedges [14] indicated that (2) is biased from (1), making it unsuitable for analyses that do not treat the entire population. The unbiased estimator of (1) is defined as in [14] and in [15] . In this study, we call it , which is
Using the gamma function, the correction coefficient is defined as
The effect sizes (2) and (5) are used in various fields of science, but they assume homoscedasticity just like Student's t-test [16, 17] . When this assumption of homoscedasticity is violated, Grissom [9] recommended the use of Glass's Δ (4) instead of (5). However, Glass's Δ (4) and (5) have different meaning because of the difference in denominator. Therefore, Glass's Δ (4) cannot substitute for (5) in a strict sense. Behavior of (2), Δ (4), and (5) under heteroscedasticity was studied in [10] , although the justification for using effect size parameter , that they defined, to measure the statistic bias under heteroscedasticity was not shown.
Bonett [8] in psychology proposed a confidence interval (CI) of effect size which does not assume homoscedasticity. First, he defined a general effect size estimator
where ∑ =1 = 0, ̄i s a sample mean, and =
ing effect size of the difference between two means, substituting = 2, 1 = 1 and 2 = −1 giveŝ
Then, he assumed its corresponding parameter and its CI. The CI was calculated using approximation of CI [18] and variance of the estimator which was approximately calculated without assuming homoscedasticity. The parameters estimated by ̂( 7) or (8) were not formulated. Namely, he defined the CI for heteroscedasticity without defining a parameter, and this can be a problem. When the estimator does not always correspond to a single parameter, the CI of an undefined parameter loses its consistency in what to estimate, and heteroscedasticity or difference of sample sizes can change the correspondence between an estimator and a parameter (see section 5.2). Although his CI was effective relative to the other CIs in his simulation experiment where the parameter was given a value, what the value meant could change depending on the variance and sample size, and the change could not be expected since the parameter was not formulated. It should be noted, Cohen [3] also defined a parameter of an effect size of the difference between a mean and a constant for a normally distributed population 1 ( , 2 1 ) and a known constant as
Cohen [3] originally referred to this as ′
3
, but we refer to this as (9) to clearly distinguish it from (5). Cohen [3] also defined a biased estimator of an effect size for a normally distributed population with the sample value 1 ( = 1, ..., 1 ), the sample mean ̄1 , and a known constant as
The 1 is the square root of (3). Cohen [3] originally referred to this as ′ , but we refer this to biased for the reason described above. To the best of my knowledge, the unbiased estimator of (9) has not been shown.
There are other effect sizes of the difference that do not assume normality or independence. Since their assumption is different from that of effect size we focus on, we do not treat them in detail and briefly introduce them. Dunlap et al. [19] invented effect size of the difference between two correlated paired groups. Algina et al. [20] proposed robust effect size of the difference, which is based on (2) using 20% trimmed mean and 20% Winsorized variance assuming that samples are taken from an observing population and another contaminating population.
Theory

An effect size of the difference between means without assuming homoscedasticity
First, we define the parameter of an effect size of the difference between means for two independently and normally distributed popu-
where is a non-negative real number. This parameter is not generalization of (1) and is different from it. Then, suppose two independently and normally distributed populations with the samples 1 ( = 1, ..., 1 ) and 2 ( = 1, ..., 2 ), and the sample mean ̄1 and ̄2 . Based on the statistic , the so-called Welch's [11, 12] , a biased estimator of (11) is defined as
where
2 is the same as (3), and
Finally, , the unbiased estimator of (11), is
Therefore,
Here, corresponds to the ratio 1 ∕ 2 . is the correction coefficient that is defined in equation (6) . The degree of freedom is approximately calculated using the Welch-Satterthwaite equation [11, 21] 
The variance of (15) is
Although this effect size is derived from the difference, we refer to it as not . This is because Cohen's (2) and Hedges' (5) already exist, and more would cause further confusion. The proof of the bias correction and variance derivation does not assume homoscedasticity (see the Appendix). In addition, (15) is a consistent estimator of (11) at the same time. See the Appendix for the proof of the consistency.
An effect size of the difference between a mean and a known constant
Using biased (10) , the unbiased estimator of the effect size parameter (9) is defined for a normally distributed population with the sample value 1 ( = 1, ..., 1 ), the sample mean ̄1 , and a known constant as
The correction coefficient (6) is the same as the one used above. The variance of is
See the Appendix for proofs of the bias correction and the derivation of the variance. In addition, (17) is a consistent estimator of (9) (see the Appendix for the proof). When interested in constants rather than variables, ′ defined as
can be used instead of .
Confidence intervals of effect sizes
In terms of the effect sizes of the difference, the CI based on a noncentral t variate is not directly given by a formula [22] . The CI is derived from that of noncentral parameters of noncentral t-distribution, which is in turn obtained by some searching method. The CI based on the biased effect sizes are given as:
and
where is the noncentral parameter that gives the upper limit of cumulative probability (e.g., 0.975 cumulative probability for 95% CI) for noncentral t-distribution with the corresponding t value (see the discussion section) and the degree of freedom, and is that which gives the lower limit (e.g., 0.025 cumulative probability for 95% CI), and ã nd 1 are the same as (14) and (10) . The CIs based on the unbiased estimator of the effect sizes are given by multiplying the corresponding correction coefficient (6) of the corresponding degree of freedom to the above intervals.
The CI by Bonett [8] is calculated using variance of the estimator which is approximately calculated without assuming homoscedasticity and approximate assumption of CI [18] . Therefore, it is not necessary to apply Bonett's CI to (15) or (17), because the derivation of their CIs does not assume homoscedasticity, and their exact CIs can be calculated without approximation.
Calculation method
I developed a new package es.dif for R [23] . It enables the statistics (5), (15), (17), their biased statistics, variance, and CI based on the two samples or their mean, variance, and sample size to be computed. In this package, approximation of (6) [14] is not employed unless its degree of freedom exceeds 342, when the gamma function returns values that are too large to be treated in R. The CI is obtained by binary search.
The remainder of this section presents some examples of the package. First, the following script calculates d (5), e (15), their variances and 95% CIs for data 1 (0, 1, 2, 3, 4) and data 2 (0, 0, 1, 2, 2).
Using options of the function, you can change the type I error rate for the CI, calculate biased effect sizes, and output results in the vector style. For example, biased (10) with 99% CI in the vector style is calculated by this script.
In the vector-style output, the four values in the vector show the effect size, its variance, and lower and higher limits of the CI. In addition, this package includes functions that can output effect sizes from the (estimated) parameters and the sample sizes. The following scripts compute (5) and (15) for two populations, (1, 2) and (0, 1) with the sample size 5 and 10, respectively. These types of functions also have the options for the type I error rate, the biased effect size, and the vector-style output. Note: S.L. = sepal length; S.W. = sepal width; P.L. = petal length; P.W. = petal width. The last two rows show the average and the standard deviation of the corresponding column.
Application & simulation
While the situation to use (17) is clearly different, the (15) and (5) have a similar application range in practice. Therefore, we prepared an example of the applications in which the sample variances are not equal. Table 1 shows well-known data of three Iris species by Fisher [24] , which can also be checked in R [23] using a command "iris". Note that only the petal width of I. setosa has fewer significant digits. For this data, we calculated (5), (15) , the ratio of (5) to (15) , and the ratio of the standard deviations of the two comparing data. Theoretically, (15) is a more precise estimator of its own parameter than (5) under this heteroscedasticity.
The calculated result is shown in Table 2 . When considering their significant digits, the comparing pair of the sepal length of I. setosa and I. virginica showed the different effect size of (5) and (15) (in bold in Table 2 ). Even though most pairs showed identical values of (5) and (15) , the result revealed that violation of the assumption of homoscedasticity in (5) can affect the result even in two significant digits. Fig. 1 shows the ratio of (5) to (15) plotted against the ratio of standard deviations of the comparing data. This figure shows that the similar two standard deviations give similar (5) and (15) . In other words, the more different two standard deviations encourage the use of (15) over (5) more.
To examine the nature of (5) and (15), we also conducted a simulation study. In addition to (5) and (15), Bonett's statistic ( 8) was also included as a reference, although its accuracy cannot be discussed because of the lack of the parameter definition. The above effect sizes and their width of 95% CI were calculated for 100,000 Monte Calro replications from (1, 2 1 ) and (0, 2 2 ) for each condition, and Note: Chara. = characteristics; S.L. = sepal length; S.W. = sepal width; P.L. = petal length; P.W. = petal width; Taxa = compared taxa; 1 = I. setosa; 2 = I. versicolor; 3 = I. virginica; d = effect size (5); e = effect size (15). These effect sizes are shown in the original significant digits. d/e = the ratio of (5) to (15); sd ratio = the ratio of the standard deviations of the compared data. Note that reverse comparisons, such as 2 vs 1, were also conducted, but omitted from this table because their effect sizes are the opposites of the original values, and d/e and sd ratio are the inverses of the original ones. Table 2. they were represented by their average values. The population means were fixed to 1 and 0. The sample sizes were changed from 10 to 30 by 10. The population standard deviation 1 was fixed to 1 and 2 was changed 1 to 10 by 1. However, some redundant data were omitted from the result. The calculation was conducted using es.dif R package shown above and metafor R package [25] . The R source code used for the simulation was shown in the Appendix. Table 3 shows the result of the simulation. When the sample size ratio was conserved under 1 ≠ 2 , (15) gave more similar and concordant values than (5). For example, (15) for 1 = 2 = 10, 20, 30 under 2 = 10 were 0.142, 0.140 and 0.141, whereas the corresponding (5) were 0.148, 0.143 and 0.143. This is the nature and advantage of (15) which is designed to estimate the same parameter under heteroscedasticity and the same sample size ratio. The width of CI was narrowest for (5) under 1 = 2 , and (15) had the second narrowest. Under 1 ≠ 2 , (15), (15) and ̂( 8) had the narrowest CI under 1 = 2 , 1 > 2 and 1 < 2 , respectively. The narrowest CIs of (15) were followed by (5), whereas what followed the narrowest CIs of ( 8) was not fixed. It was shown that (15) had wider situation under which it had the narrowest or second narrowest CI than (5) ( 8) over (5) under heteroscedasticity.
Fig. 1. Plotted graph of
Discussion
Correspondence of effect sizes and tests
Comparison of tests and the effect sizes of the difference except ̂ ( 8) shows the clear correspondence between them (Table 4) . Statistic (5) corresponds to the unpaired two-sample test [16, 17] , whose statistic is the basis of (2). Statistic biased (12) uses the statistic (13) of Welch's test [12] , which aims to test two means with unequal variances, and biased (10) uses the same statistic as the one-sample test [17] . Considering this, it is natural that power analyses should be conducted, using the corresponding pair of the effect size and test. In other words, power analyses of Student's one-sample test, Student's unpaired two-sample test, and Welch's test should be conducted based on the statistic (17), (5), and the statistic (15), respectively. Co-use of non-corresponding t-test and effect size causes inconsistence of the assumption about the population(s).
Influence of sample size on effect size
In this subsection, the relationship between the effect sizes of the difference and sample sizes is described. The value of (2), a biased estimator of the effect size of the difference under homoscedasticity, is independent of the sample sizes when the assumption of homoscedasticity ( 1 = 2 ) is fulfilled. When 1 ≠ 2 , it depends on the ratio = ( 1 − 1)∕( 2 − 1) as implied in [9] . This is because (2) is no longer an estimator of (1) under 1 ≠ 2 , and it will be a biased estimator of the other parameter ′ , which is
.
Note that even (5) cannot be the unbiased estimator of ′ when 1 ≠ 2 , because (2) is not distributed as non-central variate in this situation. Even if 1 and 2 vary, (2) roughly estimates the same parameter, given the ratio is fixed.
Next, the biased (12) is a biased estimator of (11), but (11) equals to the other parameters in the particular situation. When 1 = 2 , = , and biased (12) equals to (2) , and is independent of the sample sizes. When 1 ≠ 2 and 1 = 2 , = ′ . In this case, biased (12) equals to (2) and is also independent of the sample sizes. While (5) is a biased estimator of ′ , (15) is its unbiased estimator. Therefore, usage of (15) is always preferable to (5) in this situation. When 1 ≠ 2 and 1 ≠ 2 , biased (12) depends on the rate = 1 ∕ 2 . Therefore, strictly speaking, multiple biased s can be comparable only when the sample size ratio is identical.
The effect size estimator ̂( 8) did not have a defined parameter, but when 1 = 2 and 1 = 2 , ̂( 8) equals to (2) and biased (12) , and is independent of sample size. Under 1 = 2 and 1 ≠ 2 , ̂( 8) also equals to (2) and suffers from the same problem as it. Under 1 ≠ 2 and 1 ≠ 2 , the value of ̂( 8) is no longer the same as (2), and precise discussion on its behavior is hinderred by the lack of its parameter definition. When trying to consider ̂( 8) as a noncentral tvariate like the other effect sizes, its degree of freedom should be about 1 + 2 − 2, and 1 and 2 should affect the degree of freedom under 1 ≠ 2 .
Unlike (2) or biased (12) , biased (10) is always independent of the sample size.
The behavior of the unbiased estimator of the effect sizes ( (5), (15) , and (17)) are almost identical to those that are biased, but they slightly increase as the sample sizes become large. This is because of the correction coefficient (6) , and its behavior is illustrated in detail in [14] .
In summary, in terms of the effect size of the difference between two means, usage of (15) is preferable to (5) or ̂( 8), and (15) can be the remedy for application of effect size of the difference under Note: d = effect size ( 
ote: As. = assumption; t = t value; ES = effect size. The degree of freedom of J is omitted for the space and must be calculated corresponding degree of freedom.
heteroscedasticity. However, when the ratio of the two sample sizes cannot be set as uniform under heteroscedasticity, neither (5) nor (15) can be precisely compared. This is a form of the Behrens-Fisher problem, which cannot be solved strictly.
Potential applications of the new effect sizes
The effect size (15) has a vast applicable range covering all kinds of natural and social sciences. This is because (15) corresponds to Welch's test, whose use is nowadays encouraged over Student's test (e.g., [26] ). The effect size (15) is the best option, especially when the ratio of the sample sizes of two groups can be fixed. The effect size (17) has a relatively narrower range regarding the application. In comparison of paired two groups (the difference in pairs vs. 0) and in some simulation studies (result of simulation vs. the optimal value) or physics (result of experiment vs. physical constant), an effect size of the constant may be needed.
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Appendix A
A.1. Proofs of unbiasedness and variation of
In summary, this proof is an application of the proof in [14] to the statistic in [11] . Suppose two independently and normally distributed populations 1 ( 1 , 2 1 ) and 2 ( 2 , 2 2 ). Their sample means are ̄1 and ̄2 , and their samples are 1 ( = 1, ..., 1 ) and 2 ( = 1, ..., 2 ) . The statistic biased (12) between them can be converted into
Here, since 1 and 2 are independently and normally distributed, the numerator of (18) has the normal distribution of ( , 1), where
, and the 2 is the same as (3). In the denominator, is approximately distributed as 2 ( ) [11] . Therefore, √̃b iased is distributed as a noncentral variate with the non-centrality parameter and approximate degree of freedom (16) . From the nature of the non-central distribution [27] , the expected value of biased (12) is
Now, assuming = 1 ∕ 2 , then ∕ √̃= . In this case, the expected value of (15) is
Thus, (15) is an unbiased estimator of (11) . The variation of (12) is var(
Therefore, the variation of (15) is
A.2. Proofs of unbiasedness and variation of
The bias correction and derivation of the variance can be proved in the same way as that of (5) . The statistic biased (10) can be converted into
and this (19) is distributed as a non-central variate with non-centrality parameter
and degree of freedom 1 − 1. Therefore, the expected value biased (10) is
Because = biased ( 1 − 1), the expected value of (17) is
Thus, is an unbiased estimator of the effect size parameter (9) . The variation of biased (10) is
Therefore, the variation of (17) is
A.3. Proof of consistency of
First, we treat the proof of , which is simpler than that of . For the proof, we introduce a lemma. Therefore, is a mean square consistent estimator of , namely,
Here, for an arbitrary positive number , by applying Chebyshev's inequality [28] , we get
From the result shown above, we can say
Therefore, using the squeeze theorem, we get
Thus, is a consistent estimator of . □ Now, we move on to the proof of (17) . When 1 → ∞, the variance of will be Thus, lim 1 →∞ var( ) → 0, and is an unbiased estimator of . Therefore, based on Lemma 1, (17) is a consistent estimator of (9). □
A.4. Proof of consistency of
On the other hand, (15) consists of two populations. Therefore, a variation of the previous lemma is necessary. This lemma can be proved in the same way as Lemma 1. Now, consider 1 = and 2 = to assume → ∞, which equals to ( 1 , 2 ) → (∞, ∞). Note that > 0 and > 0, since 1 ≥ 1 and 2 ≥ 1. Using and , (6) and ̃ (14) can be expressed as The limit does not contain , meaning lim ( 1 , 2 )→(∞,∞) var( ) always gives an identical value 0. Also, is an unbiased estimator of (11). Therefore, based on Lemma 2, (15) is a consistent estimator of (11). □
A.5. Simulation source code
The simulation study in this article was conducted using the following code in R: library(es.dif) library(Matrix) library(metafor) temp_Bonett <-summary(escalc(measure="SMDH", m1i=mean(data1),m2i=mean(data2), sd1i=sd(data1),sd2i=sd(data2),n1i=length(data1), n2i=length(data2))) 
